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Project Officer : Mr R Wilson
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Principal Researcher : Dr M N Viswanathan
Hunter Water Board.

The project was funded by the Urban Water Research Association of Australia and
by the Hunter Water Board.



SYNOPSIS

An outline is given of the purpose and nature of forecasting and of the various
methods and models used for forecasting. A model is developed for forecasting water
demand for an urban area using weather data (daily maximum temperature and daily

rainfall) and base usage as inputs.

The model forecasts water demand for a given day given the anticipated weather
parameters for that day and the weather parameters and water consumption for the
preceding day. The model is linear and the development is based on the method of

‘Recursive Least Squares’. Coefficients of the model are assumed to be time
dependent.

The model was used to forecast water demand for Newcastle with a lead time of one

day. The model forecasted water demand within an accuracy of plus minus S percent.
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Chapter 1

INTRODUCTION

1.1 General

Webster’s dictionary defines forecasting as an activity ” to calculate or predict
some future event or condition, usually as a result of rational study or analysis
of pertinent data”. Forecasting is an important part of decision making, and
many of our decisions are based on predictions of future unknown events.
The ability to form good forecasts has been highly valued throughout history
(Abraham and Ledolter 1983).

We all make forecasts, although we may not recognise them as forecasts.
For example, a person waiting for a bus or parents expecting a telephone
call from their children may not consider themselves forecasters. However,
from past experience and from reading the bus schedule, the person waiting
for the bus expects it to arrive at a certain time or within a certain time
interval. Parents who have usually received calls from their children every
weekend expect to receive one during the coming weekend also.

These people form expectations, and make forecasts. So does a bank
manager who predicts the cash flow for the next quarter, or a control engineer
who adjusts certain input variables to maintain the future value of some
output variable as close as possible to a specified target. All make statements
about future events, patterning the forecasts closely on previous occurrences
and assuming that the future will be similar to the past.

Since the future events involve uncertainity, the forecasts are usually not
perfect. The objective of forecasting is to reduce the forecast error: to pro-



duce forecasts that are seldom incorrect and that have small forecast errors.
In business, industry and government, policymakers must anticipate the fu-
ture behaviour of many critical variables before they make decisions. Their
decisions depend on forecasts, and they expect these forecasts to be accurate;
a forecast system is needed to make such predictions. Each situation that re-
quires a forecast comes with its own unique set of problems, and the solutions
to one are by no means the solutions in another situation. However, certain
general principles are common to most forecasting problems and should be
incorporated into any forcasting system.



1.2 Classification of Forecast Methods

Forecast methods may be broadly classified into:
i. Qualitative and
ii. Quantitative techniques.

Qualitative, or "subjective” methods are intuitive, largely educated guesses
that may or may not depend on past data. Usually these forecasts cannot be
reproduced by someone else, since the forecaster does not specify explicitly
how the available information is incorporated into the forecast. Even though
subjective forecasting is a nonrigorous approach, it may be quite appropriate
and the only reasonable method in certain situations.

Forecasts that are based on mathematical or statistical models are called
”quantitative”. Once the underlying model or technique has been chosen,
the corresponding forecasts are determined automatically; they are fully re-
producible by any forecaster. Quantitative methods or models can be further
classified as deterministic or probabilistic ( also known as stochastic or sta-
tistical).

In deterministic models, the relationship between the variable of interest,
Y, and the explanatory or predictor variables Xi,...., X, is determined ex-
actly:

The function f and the coeflicients B;.....B,, are known with certainty.
The traditional ”laws” in the physical sciences are examples of such deter-
mininstic relationships.

In the social sciences, however, the relationships are usually stochastic.
Measurement errors and variablity from other uncontrolled variables intro-
duce random (stochastic) components. This leads to probabilistic or stochas-
tic models of the form:

Y = f(X;.....X,; By.....Bn) + noise



where the noise or error component is a realization from a certain prob-
ability distribution.

Frequently, the function form f and the coefficients are not known and
have to be determined from the past data. Usually the data occur in time
ordered sequences referred to as ”time series”.

All quantitative forecasting methods make use of the following basic strat-
egy. Past data are analysed in order to identify a pattern that can be used
to describe them. Then this pattern is extrapolated, or extended , into the
future in order to make forecasts. This strategy rests on the assumption that
the pattern that has been identified will continue into the future. A fore-
casting technique cannot be expected to give good predictions unless this
assumption is valid. This assumption is more likely to be valid in the short
term than in the long term and so it is not surprising that, in general, short
term forecasts are more accurate than long term forecasts.

In general, a quantitative forecast system consists of two major compo-
nents, as illustrated in figure 1.1 . At the first stage, the model building
stage, a forecasting model is constructed from pertinent data and available
theory. At the second stage, the forecasting stage, the final model is used
to obtain the forecasts. Since these forecasts depend on the specified model,
one has to make sure that the model and its parameters stay constant during
the forecast period. The stability of the forecast model can be assessed by
checking the forecasts against the new observations. Forecast errors can be
calculated, and possible changes in the model can be detected.
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Figure 1.1: Conceptual framework of a forecasting system. (Abraham and
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1.3 Forecasting Methods

The time series models generate predictions that are based solely on the
historical pattern of the variable to be forecast. Thus, any decisions man-
agement might implement will not alter the predictions generated by a time
series model. Time series forecasting models are, therfore, most useful when
conditions are expected to remain the same. They are not very useful in fore-
casting the impact of changes in management policies (O’Donovan 1983).

The most widely used types of time series models are outlined below:

1. Simple exponential smoothing:

A weighted average of the recently observed values of the variable under
study is used as a forecast. An exponentially decreasing set of weights is
assigned to these values so that the more recent values receive more weight
than older values.

ii. Holt-Winters:

This is a more sophisticated version of exponential smoothing in which
allowance is made for trend and seasonal patterns in the data.

ii1. Decomposition:

A time series is regarded as having a number of components: trend, sea-
sonality, cyclicity, and randomness. The first three of these components are
estimated and used to forecast future values.

iv. Box-Jenkins:

A class of models known as Autoregressive Moving Average (ARMA) is
studied. From the study of the data, an appropriate model is selected from
this class and used to make forecasts.

v. Bayesian forecasting:

This method allows one to specify a range of models for the data, rather



than a single model, with associated probabilities which are updated as more
data become available. Estimates of the model parameters are also updated,
using a technique known as Kalman Filtering. The method potentially in-
cludes both exponential smoothing and the ARMA model, though in practice,
it is limited to a selection of small number of models which are in some ways
equivalent to ARMA models and which have been found to cover many of
the practically occurring situations.

Besides time series models, the other main type of quantitative type of
forecasting method is causal models. These models involve the identification
of other variables related to the variable to be predicted. Then a model is
developed that describes the relationship between these variables and the
variable to be predicted. This model is then used to forecast the variable of
interest.

The main types of causal models are outlined below:
i. Multiple regression:

The relationship between the dependent and independent variables is
known as the regression equation. Mulitple regression is the technique by
which estimates are found for the coefficients of the independent variables
in the regression equation. The regression equation is then used to forecast
future values of the dependent variable.

ii. Econometrics:

Econometrics involves systems of interrelated regression equations. Re-
gression analysis is used to estimate the coefficients of the variables in these
equations.

iii. Multivariate Box-Jenkins:

The multivariate Box-Jenkins method is an extension of the univariate

Box-Jenkins method which attempts to relate these independent variables to
the dependent variable by means of the transfer function.

oo



1.4 Choosing A Forecast Method

Main factors governing the choice of a forecasting method are:
1. Lead time:

The lead time is defined as the length of time into the future for which
forecasts are required. The length of the lead time is usually categorized as
follows:

Immediate: Less than one month.
Short term: One to three months.
Medium term: More than three months to less than two years.

Long term: Two years or more.

It has been found that because of the other factors considered below, cer-
tain forecasting methods are more suitable for a short lead time and other
methods for a long lead time.

2. Time to prepare the forecast:

This means the total time needed to collect the necessary data, analyse
them, and prepare the forecast. The various forecasting methods differ in
the total time that this process takes. In any situation, forecasts must be
ready before a certain time; otherwise they are useless for decision making.
This makes some of the forecasting methods inappropriate when forecasts
are urgently needed.

3. Pattern of data:
There are four basic subpatterns, some combination of which usually

exists in any business or economic series data. These are (a) trend, (b)
horizontal, (c) seasonal, and (d) cyclical. A trend exists when there is a
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pattern of growth or decline in the data over the time span being studied. A
horizontal subpattern exists when the data are evenly distributed over time
that is, when there is no apparent growth or decline over time. A seasonal
subpattern is a periodic regular pattern with a constant period such as a day,
a week, a month, or a year. Finally, a cyclic subpattern exists when the data
are influenced by longer term economic fluctuations related to the general
business cycle.

Knowledge of the types of subpatterns included in the data can be very
useful in selecting the most appropriate forecasting method, since different
methods vary in their ability to cope with different types of patterns.

4. Data requirements:

Since various forecasting methods require different amounts of historical
data, the quantity of data available is important in determining the feasibilty
of using alternative methods. If the needed historical data are not available,
special data collecting procedures may have to be implemented.

5. Ease of understanding:

The ease with which a forecasting method is understood is very impor-
tant. Managers are held responsible for the decisions they make and if they
are to be expected to base their decisions on predictions generated by fore-
casting techniques, they must be able to understand these techniques.

6. Cost:

When choosing a forecasting technique, several costs are relevant. First,
the cost developing the model must be considered. The complexity, and
hence the cost, of this process varies from technique to technique. Secondly,
the cost of storing the necessary data must be considered. Lastly, the cost of
the actual operation of the forecasting technique is obviously very important.

7. Accuracy:

The accuracy of a method is defined as the extent to which forecast
values generated by that method approximate to the actual future values
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that emerge in time. The level of accuracy needed in a given situation will
depend on the importance of the decision being made and the role of the
forecast in influencing the decision.

11



Chapter 2

WATER DEMAND
FORECASTING

2.1 Nature of forecasting

Water demand forecasting is an important aspect of any water industry. Wa-
ter demand forecasting can be broadly classified as:

i. Immediate forecasting

ii. Short term forecasting
iii. Medium term forecasting
iv. Long term forecasting

Immediate forecasting is forecasting water demand with a lead time of
one or two days. This is used for optimum operation of the source and
distribution system. For example, if a drop in demand is predicted for the
following day because of weather conditions, the filling up of major reservoirs
could be delayed and undertaken during off peak hours, thereby reducing
energy costs.

Short term forecasting involves a lead time of 3 to 6 months. This fore-
casting is done to undertake major maintenance work on treatment plants,

12



distribution system etc.,.

Medium term forecasting involves a lead time of upto 5 years. This is
done to facilitate minor source amplifications and construction of reservoir
systems.

Long term forecasting involves a lead time of about 20 years. This is done
for major source amplifications.

13



2.2 Models

Several mathematical models were developed in the past to forecast water
demands with various lead times. The following is a brief outline of some of
the models.

Primeaux et al (1974) developed a model based on linear multiple regres-
sion analysis for forecasting annual water demands. The variables used were
the number of persons per residence, the number of bathrooms per residence,
annual rainfall, maximum temperatures and other economic data relating to
the area. Clark (1982) developed a model for forecasting monthly demands
based on total population and the spatial distribution of population levels.
Both the above models are based on regression analysis. Yamuchi (1977)
developed additive and multiplicative models to analyze the trend, cyclical,
seasonal and irregular components of daily water consumption. Maidment
(1985) developed transfer function models of daily water use. The method
used by Maidment was based on a time series model of daily municipal water
use as a function of rainfall and temperature. Kher (1986) proposed a water
demand model from a set of noisy data using the noisy realisation theory.
A mathematical programming based solution algorithm was developed to
identify a first order lag dynamical model for the above noisy problem.

All the above models, forecasting either annual, monthly or daily water
demands assume model and parameter invariance over a period of time. For
forecasting models, with a lead time of more than few months, model in-
variance is not a valid assumption. However, for immediate and short term
forecasting model invariance can still be assumed. Parameter invariance even
for immediate and short term forecasting may not be a valid assumption. For
example, variation of daily temperatures affect water demands more in sum-
mer months than during winter months. Similarly rainfall during winter
months is likely to have very little effect on water demands than during sum-
mer months. Hence the parameters that represent rainfall and temperatures
are likely to be different for summer and winter months.
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2.3 Present study

The objective of the present study is to develop a forecasting method for
forecasting water demands with a lead of time of a day or two. No attempt
was made to develop a software package.

The input to the model is weather data. This includes daily maximum
temperatures and rainfalls. The weather data is used as the input because
this information is readily available and the cost of data collection is minimal.
If other data, like economic, demographic variables are available, the method
developed here can still be used with little or no modification.

In the present study model invariance is assumed. This is because the
forecasting lead time is only a day or two. However, the model assumes that
parameters vary as a function of time. One obvious question here is how one
can use a model with varying parameters for forecasting water demand. Al-
though the model assumes parameter variance, when it comes to forecasting,
the model assumes parameter invariance for the period of the lead time. In
other words, the model tracks parameter variance over a period of time and
hence the parameters estimated for the month January will be different to
that estimated for the month of June. Since forecasting is done only for a
lead time of a day or two, the most recent parameters estimated are used
for forecasting. This will give better forecasting results than using constant
model parameters.
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Chapter 3
THEORY

3.1 Recursive Parameter Estimation

Consider a linear regression problem (Young 1974) in which a variable z, is
known to be related to n other linearly independent variables z;, 7 = 1,2,....n
by a linear relationship of the form:

To = a1T1 + QT2 + ... + ApTy ...(1)

where a;, j=1,2,...n are n unknown but constant parameters which charac-
terize the relationship and are to be estimated in some manner. The variables
z; are assumed exactly known quantities but z,, on the other hand, can be

observed only in the presence of noise ¢,. If the observation of x, is denoted
by y, then clearly,

Y =2Tot ¢

or

Yy =a1T1+ a2Z2 + ... + @nTy + €4

Suppose now that we have k such noisy observations y;,z = 1,2, ...k and

associated with the ;h observation is a set of the variables z; denoted by zj;,
ij=1,2,...n,
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thus

Yi = a1%3; + A2Toi + oo F Qppni + Eyis - (2)
i=1,2 .k

Where ¢,; is the error associated with the 7;, observation. Suppose fur-
ther that the sequence of errors €, i=1, 2, ... k has the following statiscal
properties:

1. It is a zero mean sequence of random variables ie., E[e,;] = 0

2

2. The ¢, are serially uncorrelated and have constant variance o*; ie.,

E[eyi.eyi] = 0'2(5,'_7'
where 6;; = 1;¢ = j and é;; = 0;¢ # j, is the kronecker delta function
iii. The ¢, are independent of the variables ;. ... (3)

The estimation problem posed in this manner is one of estimating the
values of the unknown parameters a; given the information y;, Z1i, T2;, ... Zni
wherei =1, 2, ... k.

There are many ways of solving this kind of problem, but the best known
and the one with which we are concerned here is the method of least squares
in which the estimates &;,7 = 1,2, ...n of the n unknown parameters are cho-
sen to minimise the least squares cost function J, where:

J=Tr D05 zjias — yil®e. (4)

Since this cost function is unimodal in the cost function parameter space,
minimisation with respect to the &; simply requires that all the n partial
derivatives of J with respect to the a;, j = 1, 2, ...n should be simultaneously
set to zero. Such a procedure yields a set of n linear, simultaneous algebraic
equations, the "normal equations” of linear regression analysis; equations

17



that can be solved to obtain the ”least squares” parameter estimates
ajk,j = 1, 2, ...Il

where the subscript k denotes that the estimates are based upon the set
of k observations.

A simple, concise statement of the least squares results in the multipa-
rameter case can be obtained by using a vector matrix formulation: thus by
writing (1) in the alternative vector form:

T, =zt ... (5)

where
zT = [z129...2,); ¢ = [a1, @z, ...an)T,

we are able to define J as
j=Ykalela -yl ... (6)

where

yi=xTa+teui=1,2 .k ...(7)
the normal equations then become

Viai)=(Sk | ziaTla-TF | zigi=0 (8)

T

i

Provided that the matrix z;z
tion (8) takes the form

is non singular, the solution to the equa-

a = Ppby ... (9)
where

P, = [Zle xiwz“]—l

18



and

bk = E?:l TiYi ... (10)

Suppose now we wish to develop a recursive form of the solution given in
(9) in which the estimate after k samples, @, is a linear sum of the estimate
obtained after k-1 samples ax_;, plus a corrective term based on the new
information y; and zj received at the kth sampling instant. We are able to

obtain such a solution by first noting from definitions in (10), that Px and by
can be related to their prior values Pj_; and b;_;, by the following equations:

Pt = P + ot L (11)
by = br_1 + zryk ... (12)

By straightforward matrix manipulation equation (11) can be transformed
into the following recursive expression for P in terms of Py_;

P, =P, — Pk_lmk[l + .’IJ{P[{_lmk]_lw{Pk_l I(l)

which is often termed the "matrix inversion lemma”. The recursive equa-
tion for G in terms of &;_; can then be obtained by substituting from I(1)
and (12) into (9) to yield, '

&k = &k—l - k‘k[m{dk_l — yk] 1(2)

in which k; is a gain vector defined by

ky = Pr_rzi[l + 2f Peoya] ™

Finally, an alternative expression to 1(2) can be found by multiplying kx
by PiPi_; and substituting from equation (11) for P;?, ie.,

ke = Po[P7Y + zrat ) Peorzil + 2 Peoqzi] ™t

= Pyzy
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Thus, equation I(2) can be written conveniently as,
flk = &k-l — Pk[kazdk—l — :I:kyk] 1(3)

Equation set I constitutes a recursive form of the least squares solution

(9) and, although derived and presented differently, is equivalent to that
suggested by Placket (Young 1974). In this form, however, the algorithm is
completely deterministic, since it makes no use of the statistical assumptions
(3) about the nature of the observation errors €. To incorporate such infor-
mation into the algorithm, we must utilize some of the basic results of linear
regression analysis. Since these are derived in most standard statistical texts,
it suffices here to state that, provided the various assumptions made in the
formulation of the linear regression problem are satisfied, the estimate dy is
statistically consistent and the estimation error vector

d=da;—a
has the following statistical properties:
1. Zero mean value E[a] =0

2. The variance covariance matrix P} = E[&:a} | is related to the matrix

Py in equation set I by the simple equation P} = 0?P;.

Noting the latter result, it is simple to obtain the recursive least squares

regression algorithm by substituting P;/o? for P in the recursive least
squares algorithm I to yield:

dr = Gp_y — P{_yzi[o® + of Pi_yzi]) o] dkor — i)

&k = &k—l - P,:/az[mka:'f&k_l — zkyk] H(2)

20



Py =P, — P qzi]o? + 2f Pr_jzi]tef Pry o 10(3)

This algorithm not only supplies the parameter estimates at each sam-
pling instant, but also provides an indication of the accuracy of these esti-
mates through the error covariance matrix P;. It is, therefore, an extremely
elegant algorithm which is particularly useful for processing data ”on line”,
as may be required in several forecasting situations. But the algorithm is not
only elegant it also provides some considerable advantages over the repeated
or stagewise solution of (9) ; in addition to the new convenient recursive form,
which provides additional information on the convergence of the estimates
as well as the minimum computer storage, it will be noted that the term [1
+ 2¥ Py_yz;] is simply a scalar quantity. As a result, there is no requirement
for direct matrix inversion, even though the equivalent classical solution (9)
applied repeatedly would entail the inversion of an nxn matrix at each step.

Before describing how the recursive regression algorithm II can be ex-
tended to accomodate problems in which the parameter vector may vary
over the observation interval, it is worthwhile considering certain character-
istics of the algorithm and how it performs in practice. For instance, since
the algorithm is in recursive form, it is necessary to choose some starting
values for @, and P,. One obvious approach is to first read in data for k=N,
where N>n, to evaluate Py and then solve the non recursive equation (9) to
yield an initial estimate ap; the recursive algorithm can then be applied to
all subsequent data for k>N.

A less obvious but more convenient approach becomes apparent if we
consider the statistical importance of P} as an estimation error covariance
matrix; it then makes sense to choose P as consistent with the level of
confidence one has in the initial estimate @, . Indeed with this interpretation,
there is a direct link with Bayesian estimation, since &, and the associated
P} represent the aprior: statistics of the estimate which will be updated on
receipt of the set of information y; and z; to yield the posteriori estimate
a; and the associated aposterior: covariance matrix Py. These aposterior:
statistics then become the aprior: statistics for the next step in the recursion
and the estimation proceeds in this manner.

In practice of course, it may well be that little is known aprior: about the
parameters in which case, it seems reasonable to choose @, to be an arbitrary
finite value (@, = [0] seems most useful) and set P to be a diagonal matrix
with large diagonal elements (of the order of 103 to 10¢), indicating little
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confidence in the initial estimate and no knowledge of the cross-variance
properties of the estimates. This choice of G, and P also makes sense in
purely deterministic terms since it can be shown that the resulting perfor-
mance of the algorithm is commensurate with the stagewise solution of the
same problem obtained by repeated use of equation (9) for k>n. Indeed, not
only are the results asymptotically equivalent as £ — co, but the convergence
of the recursive values of @, and P in algorithm I to the stagewise value is
rapid, provided the diagonal elements of P, are chosen to be large enough.

The interpretation of P’ as an estimation error covariance matrix is also
interesting if we consider its function in equation II(2); reference to equations
(6) and (8) shows that the correction term

Py [o®(ekaf k-1 — TkYx)

can be considered as an instantaneous measure of the gradient of J at
the kth instant, modulated or controlled by matrix P;/c?; thus II(2) can
be considered as a multi dimensional, discrete step, gradient procedure in
the criterion function parameter space. Considering the consistency of the
estimation procedure, we know P} will be a strictly decreasing function of
time, so as the estimation proceeds and confidence in the estimates increases,
the weighting associated with the correction term is reduced, since it is more
likely that the observed gradient is the result of observation error on yi
than the true estimation error; in effect the matrix Pf/o? (or Py in the
deterministic case) acts to smooth or filter out the inaccuracy injected by
the observational noise.
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3.2 Parameter Variance

Basic least squares regression analysis, whether in its conventional block data
processing form or in the recursive formulation described in the previous
section, carries with it an implicit assumption that the parameters in the
regression model are sensibly constant over the observational interval. If
this is not the case, or if there is uncertainity on this point, it is clearly
dangerous to use the analysis directly as biased and out of date estimates
may be obtained.

One well known approach to this problem is to curtail the memory of
the estimation procedure, for instance by the use of exponentially weighted
past (EWP) averaging of the data. Recursive formulations of such EWP
algorithms can be derived in a manner similar to that used in the previous
section and useful in emphasising more recent data in comparison to the
data received in the past; the exponential weighting introduces, as it were, a
degree of forgetting into the algorithm.

The mechanics of this procedure rely on adjusting (II) to the form (Viswanathan
1982):

Pk_l = ,LLPk___ll -+ :ckx{ .. (13)

where p is a forgetting factor which usually takes the value 0.9<u<0.99.
Smaller p correspond to more rapid forgetting of old data, while g = 1 cor-
responds to the normal arrangement with no forgetting.

EquationsI(1) and (3) are modified using (13). This gives:

P, = 1/,u[Pk_1 — Pk_lrck[,u + :c{Pk_lxk]:c{Pk_l] (14)

Then substituting P} /o? for P; one obtains

Pi = 1/p[Py_y — Piyzifo®s + of Pi_yzy)f Paey .. (15)

Equation (15) along with II(1) constitute a recursive algorithm for the
prediction of variable parameters in the regression model.
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3.3 Transfer Function Models

Consider the estimation of parameters in a discrete time series or pulse(z)
transform transfer function representation of a linear stochastic dynamic sys-
tem. The basic deterministic part of the system, shown in figure 3.1 is block
A, which is described by the following difference equation,

A[Z Yz = B[Zug ... (16)

where Z~! is the backward shift operator ie.,
Z7 2y = 1

while

AlZN=14aZ '+ ..+ a 27"

and

BlZ Y =b,+b,Z7 ' + ...+ b, 27"

are polynomials in Z~! operating on the hypothetical deterministic out-
put z; and the deterministic input uy respectively.

Utilizing the superposition property for linear systems, the various noise
disturbances entering the system are lumped into an equivalent noise dis-
turbance, which is added to the hypothetical noise free output, zx to yield
the observed output y; as shown in figure 3.1. This noise term, which in-
cludes input and other disturbance effects as well as measurement noise, is
assumed to have rational spectral density; ie., it is considered as the output
of a transfer function as shown in block B of figure 3.1 whose input, e is a
zero mean, serially uncorrelated sequence of random variables with variance
o? (discrete white noise) ie.,

E[ek] =0
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Elejer] = o2

where

8;k = lwhenj = kand 8; = Owhenj # k ... (17)

Further e is independent of the deterministic input uy ie.,
Elejux] = 0 for all j,k ... (18)

in this way £ is generated from the discrete white noise e, by the follow-
ing difference equation

ClZ7 & = D{Z7 V]ey ... (19)

where

ClZYN=14+aZ? +..+CrZ?

D Z Y =d,+ d1Z7' + ...dpz™"

Equation (19) is reffered to as an Auto Regressive Moving Average process
(ARMA). Equations (16) and (19) provide parametrically efficient models of

the deterministic and stochastic aspects of the system. The model is com-
pleted by the introduction of the output equation ie.,

Y = T + €k ... (20)

By substituting the observed equation (20) in (16), it is possible to de-
scribe the overall stochastic dynamic system by the following vector relation-
ships

— T .
yk —_— Zka + Ib cee (21)

&k =nlc+ doey ... (22)
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where

k=aip1+ ...+ anbion + &

and

Z;f = [—Yke1+- — Ybon, Uk Uk—n]
al = [a...ap, b,...by)

nf = [—€ko1 = Exony €hbo1eChn)

cf =ey...cn, dy...dy)
The problem is then to utilise the sampled input data u; and output data

yr, to obtain statistically efficient estimates of the parameter vectors a and ¢
that characterise the model.

Special case

A special degenerate case of figure 3.2 is where the noise model is charac-
terised by a transfer function

N[Z Y =1/A[Z71]
so that the model can be written
yr = BJ/A(ur) + (1/A)ex ... (23)

A particular example of this situation is the case shown in figure 3.3,
where the system has no numerator dynamics ie.,

B[Z-1] = 1.0



and the noise enters as serially uncorrelated white noise at the input to
the system.

For the model of figure 3.2 equation 21 takes the reduced form
_ T
Ye = 2 a + ek ... (24)

where e is a serially uncorrelated sequence of random variablers with
variance o2 and z{ is given by

ZI{ = [—Yk-1-rs = Yhon, Uk Ukn]

Since uy is the deterministic input sequence, it is clear that this model is
an extension of the simple Auto Regressive time series model. It is well known
that an asymptotically unbiased and efficient estimate a, of the parameter
vector ”a” can be obtained by simple least squares regression analysis. The

recursive regression algorithm in this case can be obtained using equations

(14) and (15).
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Chapter 4
PRESENT MODEL

Using methods outlined in the previous sections a model for Newcastle water
demand is developed. The model is shown in figure 4.1 and has the same form
as that described in section 3.0 except that an additional term, a constant
in the first instance is inserted to account for the base usage.

The other inputs to the model are daily maximum temperatures and
daily rainfall. The coefficients in the model are assumed to be time depen-
dent. The model also assumes delayed effects of temperatures and rainfall.
In other words a heavy rainfall on a particular day is likely to affect water
demand on the following days. The constant term included represents other
variables (other than temperature and rainfall) affecting water demand. In
addition to the above deterministic variables, there could be a random com-
ponent affecting the water demand and this is represented by the term ey.

Equation 23 is written as:

Yk — @1Yk—1 — Q2Yk—2.-.CpYker = [0.Th + 011 + .0, Tk_r]
HeoRi + c1Ri—1 + ..caRi_p] + do + €. (25)

where

yr=water demand on day’k’

T = daily maximum temperature
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R = daily rainfall

e = error term

d, = base usage

subscripts k,k-1 ... days of year.

Equation 25 is the general equation which express the water demand on
the kth day in terms of temperatures, the rainfall on days k,k-1 ... , water
consumptions on days k-1,k-2 ... and the error term.

The following equation is used for forecasting water demand on day k:

Yr = [alyk_l + ...anyk_n] + [boTk + ---bnTk—n] -+ [CoRk + ...Can_n] +d, ...(26)

The number of coefficients @, b, and ¢, in the model were determined by

trial and error. After several trials , it was found that the following equation
represented the Newcastle water demand best:

yr = a1¥k—1 + 0Tk + 011 Tho1 + coRy + 1Ry +do ... (27)

Using the recursive least squares algorithms (equations 15 and II(1)) the
coefficients aq, b,, b1, ¢o, c1 and d, were estimated.
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Figure 4.1: Model for Water Demand
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Chapter 5
CASE STUDY

The model developed in the previous section is used to forecast water de-
mand for Newcastle with a lead time of day 1. Newcastle has a population

of about 500 000.

Variation of daily maximum temperatures and rainfalls for the year 1988
at Newcastle are shown in figures 5.1 and 5.2.

Figure 5.3 shows water demand forecasts and actual water consumptions.

Figure 5.4 shows the difference between the forecasts and actual con-
sumption. The forecast error is within 45 percent.

Figures 5.5 and 5.6 show the variation in parameters. The parameter
variation is substantial between summer and winter months.
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Figure 5.3: Water Demands - Actual and Estimated
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Chapter 6
CONCLUSIONS

1. A model was developed to forecast water demand for an urban area. The
model forecasts water demand for day ’k’ given the weather parameters for
days 'k’ and k-1’ and water consumption for the day ’k-1’.

2. The model is linear and the development is based on the method 'Re-
cursive Least Squares’.

3. Coefficients of the model are assumed to be time dependent.
4. The model was used to forecast water demand for Newcastle with a

lead time of day 1. The model forecasts water demand within an accuracy
of +5 percent.
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